Introduction
Due to the inherent thermal sensitivity of materials and systems, precision experiments and instrumentation generally require precision temperature control. In some experiments, thermal effects can be the largest source of dimensional error and nonrepeatability ͓1͔. Likewise, thermal variability can limit the operation of various sensors and devices, e.g., laser interferometers, autocollimators, and capacitance probes ͓2͔. Temperature stability, i.e., the maintenance of a given temperature to a given degree of precision, often constitutes a particularly challenging aspect of precision system design ͓3͔.
Precision temperature control near room temperature has received significant attention. One class of controllers uses resistive heaters to maintain a small enclosure near ambient. Due to the small size of these systems, high stability, on the order of Ϯ10 K to Ϯ100 K over hours, days or months of time can be achieved. Examples include Ϯ20 K stability in standard cells over several months ͓4͔, Ϯ60 K stability in laser diodes over approximately one hour ͓5͔, Ϯ10 K stability in geophysical accelerometers over several days ͓6͔, and Ϯ100 K stability in semiconductor lasers over tens of hours ͓7͔. Resistance-based controllers providing milliKelvin stability have also been developed or proposed for use in thermometry ͓8͔, physical property measurement ͓9,10͔, strain measurement ͓9͔, and optical microscopy ͓11͔.
Another class of controllers uses fluids to heat or cool enclosures near room temperature. Since these controllers have both heating and cooling capabilities, they are particularly suited for use with heat-generating devices. Examples include an oil-cooled vacuum chamber providing Ϯ15 K control over tens of hours ͓12͔, precision temperature-controlled water baths providing Ϯ25 K stability over tens of hours ͓13,14͔, and a stirred water bath providing Ϯ3.5 K stability over tens of hours ͓15͔.
In contrast to resistance-based precision thermal control and precision thermal control in closed, non-circulating fluid systems, relatively little work has been reported on precision thermal control of flowing or recirculating control fluid streams. Lopez and Barron ͓16͔ used temperature-controlled forced air to achieve Ϯ0.1 K control over liquid crystal samples. Ogasawara ͓14͔ used recirculating water to maintain a thermostatic water bath to within Ϯ25 K of a set point. This approach had also been used to control plasma tube temperatures in lasers ͓17,18͔. Sydenham and Collins ͓19͔, using recirculating water in a deep underground test facility ͑where the latter minimized background thermal variations͒, achieved Ϯ40 K stability in a 10 m long steel standard over hundreds of hours. This paper describes the theoretical models, design, construction, and performance of a ''thermal gradient attenuator'' lowpass filter. This device is a critical component for producing a high stability chilled water supply that can be used for precision temperature control. By attenuating higher frequency temperature oscillations in the control fluid, active heater controllers need only reject lower frequency disturbances to achieve precise temperature control.
This work extends previous investigations by developing a relatively simple approach capable of providing centiKelvin stability over hours and milliKelvin stability over minutes, within recirculating flows. Equally important, considerable attention is devoted to modeling system heat transfer and system dynamics.
Thermal Gradient Attenuator-Justification for Need
A multi-purpose temperature-controlled chamber has been designed for use in precision metrology experiments. The chamber walls are channeled to allow flow of temperature-controlled chilled water, which in turn provides thermal control of the chamber interior. Although a heater controller is available to modulate the chilled water temperature, because of limited bandwidth it cannot reject the higher frequency temperature oscillations of the available chilled water supply ͑see Figs. 1 and 2͒. Since the desired level of temperature control is order 0.1 mK, the large shortterm temperature deviations of the chilled water must be significantly attenuated before entering the heater control system.
In order to attenuate these higher frequency oscillations, a thermal gradient attenuator, shown schematically in Fig. 3 , must be placed in the chilled water stream. As shown in Figs. 1 and 2 , the spectrum for the entering chilled water stream contains significant spectral components over the range from 0.04 to 10 mHz, with peak rates of change of order 1 K/min. With dominant temporal variations occurring at relatively low frequencies, effective attenuation requires that the attenuator exhibit large attenuation at the relatively low frequency of 0.04 mHz.
For the purpose of analysis, the thermal gradient attenuator is modeled as three subsystems, each characterized by a dominant heat transfer mode and an associated dynamic. The core of the device is identified as the tube bank-attenuator subsystem since it consists of an array of uniformly distributed identical tubes that direct the flow of the control fluid past the attenuator medium. The entrance and exit volumes below and above the tube bankattenuator are identified as the lower accumulator and upper accumulator subsystems. Subsystem and total device performance are characterized using transfer functions, which model the ratio of the output and input temperatures as functions of frequency.
Lumped-Differential Model of the Tube BankAttenuator Subsystem
The model of the tube bank-attenuator sub-system is based on two radially-lumped, coupled differential equations which model the time and axially-dependent temperature variations within the flowing control fluid and the surrounding attenuating medium. The derivation of these equations proceeds in three steps: ͑1͒ assumptions relevant to the tube bank-attenuator are stated; ͑2͒ order of magnitude arguments are used to simplify the energy equation within the flow, the tube wall, and the surrounding attenuating medium; and ͑3͒ each simplified equation is radially integrated, leading to the lumped working equations. Neto and Cotta ͓20,21͔ have developed a lumped-differential analysis of double-pipe heat exchangers. The present formulation for a restricted class of heat exchanger leads to two relatively simple, integrable differential equations, while the more general approach in Neto and Cotta, which incorporates a generalized integral transform method ͓22͔, leads to a large system of coupled differential equations.
The class of heat exchangers modeled here is restricted by a set of assumptions relating to the geometry, thermal properties of the components, and the frequency range of the input disturbances. These assumptions can be related to a single tube and the surrounding attenuator medium. The length of the attenuator medium is taken to be much larger than the radial dimension, and the ratio of axial fluctuation length scale, w / f , to radius, r, is sufficiently small that radial conduction dominates axial conduction. Thus,
and
It is also assumed that the attenuator medium is either a solid or a stagnant fluid where advection is negligible. In the latter case, it is assumed that the ratio of conductive to time-dependent temperature variations
are small, where the velocity scale,
, is determined by buoyancy.
Based on these assumptions, heat transfer, to first order, within the attenuator medium is governed by the equation 
Similarly, conduction within the tube wall is governed by
while within the fluid flow
where w(r) is the fully-developed laminar flow velocity profile ͓23͔. For tubes with sufficiently high aspect ratio and small Reynolds number, the entry length comprises a small fraction of the total length, and the above equation is a good approximation for the entire tube. Equations ͑4͒ through ͑6͒ may be integrated radially to obtain respective lumped equations for the mean temperature in the attenuator, tube wall, and fluid flow regions
where the mean temperatures are defined as
When the radial conduction time scale is much shorter than the disturbance and axial convection time scales, radial temperature gradients are quickly smoothed, and the integral in Eq. ͑9͒ may be approximated as
where the radially averaged velocity is given by
The integrated energy equation, Eq. ͑8͒, implies that at any instant, the local radial heat transfer rate, qϭq (z,t) , is constant within the tube wall. By solving Eq. ͑5͒, it is readily shown that
where R t is the total tube thermal resistance along its length, L. Similarly, heat transfer at the inner and outer tube boundaries are given as
where R f is the fluid thermal resistance, and
where R a is the attenuator thermal resistance. Given the following definition and equation
and substituting Eqs. ͑13͒ and ͑15͒ into Eq. ͑9͒ yields
where f ϭRC f is the fluid time constant. Similarly, Eq. ͑7͒ simplifies to
where a ϭRC a , is the attenuator time constant.
Tube Bank-Attenuator Transfer Function
Neglecting heat transfer through the outer wall of the attenuator assembly, the transfer function of the entire tube bank-attenuator is the same as that of a single tube, given proper flow rate scaling. Thus, the transfer function of the entire tube bank follows from Eqs. ͑18͒ and ͑19͒. A more compact result follows by introducing the dimensionless space and time variables ϭz/͑w a ͒ and ϭt/ a (20) and the dimensionless heat capacity ratio
Substitution of Eqs. ͑20͒ and ͑21͒ into Eqs. ͑18͒ and ͑19͒ yields
Taking the Laplace transforms of Eqs. ͑22͒ and ͑23͒, with initial conditions equal to zero, yields
where sϭ2i f a , and f is the frequency in Hz. Eliminating T a yields
This equation is readily solved to provide an expression for the fluid temperature as a function of dimensionless length and dimensionless frequency 
where the latter form separates the effect of transport delay, exp(Ϫs• L ), from other effects in the attenuator. Since only the real part of the exponent affects the magnitude of the transfer function, the transfer function magnitude can be expressed in the form Figure 4 depicts the tube bank-attenuator transfer function for several values of L , , and a . For a given dimensionless length, L , the heat capacity ratio, , determines the magnitude of the asymptotic attenuation. In addition, for a given L , the range of frequencies optimally attenuated increases as a increases, so that attenuation extends to lower disturbance frequencies. In particular, the asymptotic attenuation is proportional to
which means that given a fluid with mass flow rate, ṁ , and specific heat, c f , the total thermal resistance between the fluid flow and the attenuator medium determines the asymptotic attenuation. In terms of dimensional variables, the transfer function, Eq. ͑29͒, is
ͪͬ . (31) This form more clearly shows the effect of a in determining the frequency at which significant attenuation occurs. Given a thermal resistance to achieve an asymptotic attenuation requirement, the heat capacity of the attenuator, C a , determines the attenuator time constant, which in turn determines the frequency range over which asymptotic attenuation is closely approached.
Tube Bank-Attenuator Configuration and Properties
In order to efficiently package a large heat capacity ͑to attenuate a wide range of frequencies͒, the attenuator medium should have large specific heat capacity ͑heat capacity per volume͒. Other considerations for the medium include cost and ease of distributing the material about the tubes in order to provide the desired thermal resistance for optimal attenuation. Water fulfills these requirements well since it is inexpensive and has a specific capacity
͒ which is higher than that of aluminum, steel, copper, and numerous other, more expensive materials.
The device configuration consists of an externally insulated 208 liter ͑55-gallon͒ drum, 947 nylon tubes ͑each 0.8 m long and 4.8 mm in diameter͒, and 4 acrylic spacer plates ͑Fig. 3͒. Chilled water enters the attenuator from the top, flows to the bottom where it is distributed to the tube bank through a lower accumulator, flows upward through the tubes into an upper accumulator, and then exits. Nylon was chosen as the tube material because of its low cost and suitable thermal resistance. The tubes are arranged in a hexagonal pattern with tube center spacing of approximately 16 mm. Thus, each tube is surrounded by an annulus of attenuator medium having an effective radius of approximately 8 mm. The tube aspect ratio condition of Eq. ͑2͒ is satisfied for this configuration since r/LϭO(10 Ϫ2 ). Also, the radially lumped model is valid for frequencies below an upper frequency limit determined by the inverse of the radial diffusion time scale
where r m is the radius encompassing half of the area of the attenuator medium. Because the in-tube temperature variations are small relative to the dominant input temperature variations, the tube wall is approximately isothermal. Thus, the convection coefficient can be computed from the laminar, thermally fully developed flow condition ͓25͔
Given h f , the fluid thermal resistance is
where A s is the convection surface area. The validity of the assumption of thermally fully developed flow is supported by the fact that the thermal development length ͓23͔ for these parameters is approximately 2 percent of the tube length. The attenuator thermal resistance, R a , is based on the approximation of steady state conduction through a stationary fluid. From Eqs. ͑3͒ and ͑32͒, the ratio of the time derivative to radial diffusion terms is small, so that the temperature field is approximately steady within the attenuator medium. Thus, the effective attenuator thermal resistance is
Accumulator and Total Transfer Functions
In order to complete the model of the entire device, the transfer functions of the upper and lower accumulators must be developed. Chilled water is distributed to the tube bank by the lower accumulator and collects prior to exiting in the upper accumulator. The lower accumulator feeds the tube bank through a perforated-tube distribution manifold containing numerous small holes ͑Fig. 3͒. The flow through each hole produces a small jet within the lower accumulator, which in turn, induces strong mixing. It is thus assumed that the lower accumulator functions as a perfectly mixed volume, with the corresponding lumped energy equation given by
where Ṁ is the total mass flow rate for all of the tubes, T in (t) is the time varying input temperature, V la is the lower accumulator volume, and T la is the average lower accumulator temperature. Taking the Laplace transform yields the transfer function 
where m ϭ f V la /Ṁ is the characteristic residence time for the flow in the lower accumulator. In contrast to the lower accumulator, mixing in the upper accumulator is relatively weak. In addition, since the length, L ua , of the upper accumulator is much smaller than the radius, r ua , axial conduction dominates the heat transfer. Considering the scales of each term in the associated energy equation, and assuming that the flow is essentially vertical and uniform across the upper accumulator, the governing equation is
where w ua is the uniform vertical velocity across the accumulator. Taking the Laplace transform of Eq. ͑38͒, the associated transfer function is
where ϭ(w ua Ϫͱw ua 2 ϩ4␣ 2 )/2␣ f . Given Eqs. ͑28͒, ͑37͒, and ͑39͒, the total transfer function of the entire attenuator device is
Experimental Setup
An experimental setup for testing attenuator performance is shown in Fig. 5 . A constant-displacement pump maintains a constant flow rate of water through the system. A cartridge heater, controlled through a computer-based data acquisition board and connected to a variable power supply, is used to impose singlefrequency sinusoidal temperature variations on the flow. The computer also captures input and output temperatures from the thermal gradient attenuator using thermistors and a high-precision digital multimeter ͑via GPIB interface͒.
Transfer Function Results
Measured and theoretical transfer functions for the thermal gradient attenuator are shown in Fig. 6 , where attenuation is shown for 18 imposed frequencies. The root mean squared ͑RMS͒ difference between measured and theoretical values is approximately 3 dB. Also shown for reference is a transfer function corresponding to a perfectly mixed attenuator volume and a transfer function corresponding to an attenuator dominated by axial conduction, where the total volume is equal to that of the experimental device.
In the region near 1 mHz, where time derivatives of temperature are largest ͑and are thus least conducive to precision thermal control͒, the attenuator provides in excess of 20 dB more attenuation than a perfect mixer. Likewise, in the lower portion of the frequency range, f Ͻ3 mHz, the attenuator provides significantly more attenuation than does axial diffusion. Although axial diffusion provides more attenuation for f Ͼ3 mHz, this occurs beyond the point where the attenuator has already provided 60 dB of attenuation.
Attenuator performance compares favorably with that obtained by Ogasawara ͓14͔. Ogasawara's device consisted of a fluid-filled enclosure in which spiral baffles promoted mixing of water. He reported that the device reduced temperature variations by a factor of 3. By contrast, and as shown in Fig. 6 , the thermal gradient attenuator provides attenuation on the order of 60 dB, corresponding to factor of reduction on the order of 10 3 . Interestingly, it appears that Ogasawara's device can be modeled as a perfectly mixed volume; indeed, the order of attenuation obtained by Ogasawara is consistent with the degree of attenuation associated with a perfect mixer.
Four additional sets of attenuation data are shown in Fig. 7 , with standard measurement ͓26͔ and model uncertainties. Each data set, corresponding to a different chilled water flow rate, was obtained following a minor device modification ͑where a seal was installed to eliminate small leaks between the tube bank and the lower accumulator͒. Consistent with the results shown in Fig. 6 , the measurements in Fig. 7 match theoretical predictions to within 5 dB RMS. The largest discrepancies appear at very low frequencies where chilled water input temperature variations are small and large attenuation is not needed. The theoretical envelopes representing model uncertainty are calculated via Eq. ͑40͒ using measured mean flow rates and mean attenuator water levels along Transactions of the ASME with associated estimated uncertainties. Measurement uncertainty is estimated by first expressing the system transfer function as the ratio of the amplitudes of the output and input temperature variations
The uncertainty in the transfer function is then estimated by assuming that individual uncertainties are independent and normally distributed, so that ͓27͔
where
and T ͑ϭ0.25 ohm͒ is the thermistor measurement uncertainty, S t (ϭ1.77•10 Ϫ3 K/ohm͒ is the nominal thermistor sensitivity, and s (ϭ5•10 Ϫ4 K/K͒ is the uncertainty of S t .
Attenuation of Broadband Thermal Variations
The device performance was also tested with the inlet stream subject to broadband thermal disturbances. For this experiment, in-house chilled water serves as the control fluid stream, where the associated power spectrum in Fig. 2 shows that temperature variations are spectrally broadband. In addition, a sinusoidal ͑8.6 mHz͒ thermal variation was superimposed on the control fluid stream to provide additional higher frequency disturbance to fully test the attenuator performance ͑at 2.2 l/min flow rate͒. As shown in Fig. 8 , the resultant in-stream temperature exhibits large amplitude ͑3.5 K peak to peak͒ variations and equally large ͑4 K/min͒ time rates of change.
Under these conditions, the device functions at a low-pass filter, where high frequency disturbances are suppressed to magnitudes below measurement sensitivity ͑for the 8.6 mHz variation͒, and transmitted low frequency disturbances are reduced in magnitude; see Fig. 9 . The dominant variation in the output stream reflects the slow periodic oscillation of the input at approximately 3 cycles every 2 hours ͑Ϸ0.4 mHz͒. The attenuation of approximately 2 orders of magnitude for this low frequency ͑Fig. 7͒ is consistent with the data in Figs. 8 and 9 .
The most important result of Fig. 9 is the dramatic reduction in the short-term variations, or temperature derivative. Achieving temperature control better than milliKelvin levels without filtering the input stream in Fig. 8 would be very difficult because of the large and rapidly changing disturbances. After attenuation by the attenuator device, the short-term deviations are reduced by 3 orders of magnitude to order 1 mK/min, which is a suitably well behaved source for precision temperature control.
Summary and Conclusions
The analysis, design, and performance of a precision thermal gradient attenuator has been presented. For purposes of analysis, the system was decomposed into three subsystems: a lower accumulator where the control fluid collects and is passively mixed, a tube bank-attenuator where the control fluid exchanges heat with a surrounding, stagnant attenuation medium ͑here, water͒, and an upper accumulator where the control fluid again collects prior to exiting the device. Analytic expressions have been developed to describe the performance of each subsystem and the total system. A set of experiments in which sinusoidal temperature disturbances are imposed on the control fluid stream, have been performed in order to evaluate device performance. Performance measured over a disturbance frequency range from 0.1 mHz to 10 mHz, and at four representative control stream flow rates, is well described by the analytic model. At all but the lowest frequencies, the system provides significantly greater attenuation than that produced by a perfectly mixed volume. In addition, a comparison with earlier work ͓14͔ shows that the present device provides frequency-dependent attenuation which is two, and, at higher frequencies, almost three orders of magnitude greater than the earlier device.
Finally, an experiment was performed to investigate the system performance under conditions where the control stream is subject to broadband thermal disturbances. In this case, the system functions at a low-pass filter/attenuator, effectively eliminating spectral components having periods shorter than the device thermal equilibration time, a , and attenuating lower frequency components. Consistent with attenuation observed for spectrally pure disturbances, it is found that unfiltered temperature oscillations exhibit increasing attenuation with increasing spectral frequency.
The analytic model allows prediction of system response and provides simple criteria for designing system performance. The model shows that for fixed control stream flow rate, the magnitude of maximal attenuation can be tuned by adjusting the total thermal resistance between the stream and the attenuator medium. Given a thermal resistance that produces a desired maximal attenuation, the frequency range subject to maximal attenuation can be tuned by adjusting the attenuator heat capacity. The analysis and design are general and should prove useful in the design and analysis of other high-throughput precision temperature control systems. 
